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Plan of the talk

@ An example: the scalar case.

@ Deformations of semisimple Poisson pencils of hydrodynamic type and
their central invariants. (Dubrovin, Liu and Zhang).

@ Deformations of exact, semisimple Poisson pencils of hydrodynamic
type (joint work with Gregorio Falqui: to appear in Physica D).

@ The case of non constant central invariants (joint work with A. Arsie:
arXiv:1107.2327).
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The scalar case

wy =wp — Awy = ud'(x —y) + %uxé(x —y) =X (x—y)

It is exact:
Liecw; = 0
Liecws = wiq.
: _ 0
with e = ..
It is homogeneous:
LieEwl == (d — 2)&)1
Liesz = (d — 1)&)2.

with d =0 and E:u%.
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I'I')'{ =w) + Z 62kP2(k).
k=1
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U =wy + Z 2kP
Second order deformation (PL, 2002):
PR = {ag (C25<1)(x - y)) + 26 (x — y) + (9x2) 0D (x — y)}

where ¢, = ¢p(u) is an arbitrary function.
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U =wy + Z 2kP
Second order deformation (PL, 2002):
PR = {63 (C25<1>(x - y)) + 0@ (x — y) + (9x2) 0D (x — y)}

where ¢, = ¢p(u) is an arbitrary function.

Fourth order:

PEY = {0 (cadD(x = ) + s (x = y) + (9xea)d (x = y) |

where ¢; = %(c2)2.
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Sixth order (A. Arsie, PL, 2011):
P —
= {88 (0@ (x = ) + 60D (x = y) + (0:6)0 @ (x — ) }
+ {h6(3)(x — )+ (0eh)dP(x — y) + (hé(l)(x - y))}
+{0. ((938)6) (x — ) ) + (92)57 (x — ) + (928)0“)(x ~ y)
+02 (2600 (x =) }.

“Geometrical Methods in MathematicaI/Physi
23

aO0lo Lorenzonl (university of NDeformations of exact and homogeneous Pois




Sixth order (A. Arsie, PL, 2011):
P —
= {88 (0@ (x = ) + 60D (x = y) + (0:6)0 @ (x — ) }
+ {h5(3)(x — )+ (0eh)dP(x — y) + (ha(l)(x - y))}
+{0. ((938)6) (x — ) ) + (92)57 (x — ) + (928)0“)(x ~ y)
+02 (2600 (x =) }.

where
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Sixth order (A. Arsie, PL, 2011):
P —
= {88 (0@ (x = ) + 60D (x = y) + (0:6)0 @ (x — ) }
+{ B8O (x = y) + (k)5 (x — y) + 02 (6 (x — y)) }
+{0. ((938)6) (x — ) ) + (92)57 (x — ) + (928)0“)(x ~ y)
+02 (2600 (x =) }.
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Remarks

1. In the case ¢, =constant (KdV) the full pencil My = P, — AP; is exact:
LieePg = P]_, LieePl =0
_ 0
where e = 4.
2. In the case ¢, = uP:

Lieg P = (kD — k — 1)PH),

— 0
where E = Uz,
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Local multivectors and Schouten bracket
/\.I

loc= space of local multivectors

= 30 AL (000) e 00 =) 0000 )
byeool;
Associated superfunctional
~ i1y ] I;
& = / Z A,; i (u(xl) Usyy - )9,-19/(212) . 95}(’) dx
byl

Schouten bracket

sy [ (9605 o) 80 0B
[aaﬁ] T {05’6} - / ((59/ 5U/ + (_1) (5Ui (50') dX

where || is the parity of a.
A local bivector I is called Poisson bivector iff [[1,11] = 0.
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Poisson bivectors of hydrodynamic type

PBHT (Dubrovin-Novikov):

Wi =gl (x — y) — g'l uks(x — y)
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Poisson bivectors of hydrodynamic type

PBHT (Dubrovin-Novikov):

wi = g5/ (x —y) — g"Mufé(x — y)

e g is a flat metric.
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Poisson bivectors of hydrodynamic type

PBHT (Dubrovin-Novikov):

wi = g5/ (x —y) — g"Mufé(x — y)

e g is a flat metric.

° F{k are the Christoffel symbols of the associated Levi-Civita
connection.
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Deformations of PBHT

A local bivector
P=w+ePD +2p@ ... 4Py

is called a deformation of w if

[P,P]=0,  degP) =/+2

Degree:

o degf(u)=0

@ O, increases the degrees by one

o degd(x—y)=1
This implies: ) )
(PDYI =SS AV (u, .. )8R (x —y),  deg A = k
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Triviality of deformations and Poisson-Lichnerowicz
cohomology

Theorem
All deformations are trivial: there exists a Miura transformation

u'— b= Fi(u) + ZekFL(u, [T deg Fj = k
k

reducing P = w + ePW) + ... to its dispersionless limit w.

The proof is by induction using

Theorem

H/(w) = 0 for all positive integers (Getzler in the general case,
Degiovanni-Magri-Sciacca, Dubrovin-Zhang in the case j = 1,2).

where ] )
 ker{d, : N, — N1}

loc loc
; AL J
im{d, : oo — N}
Faolo Lorenzonl (University of NDeformations of exact and homogeneous Pois

Hi(w)

, d, = [w,]
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Poisson pencils of hydrodynamic type

wf{ = )\wl = gJ(u)él( —y)+ r(z)k X(5(X y)+
-\ (gf(u)é'( y) + Tlyto(x = y))
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Poisson pencils of hydrodynamic type

K = )\wl = gJ(u)é’(x —y)+ r(z)k X5( y)+
_/\< V()9 (x — y) + Ty ko (x = )

° g;{ = g2 )\glu is flat V.

® Ty =Tl = A
° dwldwz + dwzdwl =0, (dwl = [wlv ']7 dwz = [w2a ])
Semisimplicity assumption: the roots (r',...,r") of the equation

detgy = 0 are functional independent. They are called canonical
coordinates. In canonical coordinates

g{j:fi(rl,...,r”)éj, gg:rifi(rl,...,r”)éj’:.
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Central invariants
Deformations of semisimple Poisson pencils of hydrodynamic type

MY —wnt e [P0/ (x = y) + ]+ [QF0"(x = y) + -] + O()
where PV = PY — AP} and Q¥ = QJ — A Q).
Central invariants:

ci(r') = 31f,
where the tensor A;{ is defined by

= QU + (g HywPiPY.

Resy)_,iTr g, LA,
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Central invariants
Deformations of semisimple Poisson pencils of hydrodynamic type

M =t e [PI6"(x = y) - | + 2 QU7 (x = y) + -+ | + O()

where PY = P — \PJ and Q) = QJ — A@Y.

Central invariants:

G(r') = 35 Res)_,iTr g, 1Ay

where the tensor A;j is defined by

= QU+ + (g Py pY

Theorem

Two deformations of the same Poisson pencil of hydrodynamic type are
Miura equivalent iff they have the same central invariants
(Dubrovin-Liu-Zhang).
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Example 1. AKNS

(1) _ (2u8x+ux)5 vo' 0 —¢ - 0 &
w2 + €P; Aw1—< 0.(v) o5t ) telsr o A ¥ o

In this case we have
_f 2u v—A A — &\
g)\ - v — )\ _2 ) A — detg)\

Canonical coordinates: r! = v + v/ —4u, r’> = v — v/—4u

Diagonal components of gy: ! = QEM 2 _ rﬁrz
_ 2 1
a = 3f1ReS’\ nTrg tAy = 3f1Res/\:r1Kg/\ -5
¢ = —z—Res Trg 1Ay = — L Res 2 _ 1
C 3f2 A= AN AN T TR N Getg, T 12
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Two component CH (Chen-Liu-Zhang, Falqui)

p, _ (2udy + ux)d  vd 1 0 5 —ed”
AT de(ve) =20 F+e” 0

( 2u v—2A Ay — N\
=\, _2 ) AT detgy
. 9 1 2)\2 (r1)2
a = _FRGS,\:ATI" & A= _FRGS)‘_rl detgy 12
. » 1 2)\2 (r2)2
o = _WRQSA:ﬂTrgA Ax = _WReS)‘:ﬂ detgy 12
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Exact Poisson pencil

The Poisson pencil
My=P— AP,

is exact iff there exists a vector field Z, called Liouville vector field, such
that
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Exact Poisson pencil

The Poisson pencil
My=P— AP,

is exact iff there exists a vector field Z, called Liouville vector field, such
that

o Liesz = P1
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Exact Poisson pencil

The Poisson pencil
My=P— AP,

is exact iff there exists a vector field Z, called Liouville vector field, such
that

o Liesz = P1
o LiezP1 =0
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Exact Poisson pencil of hydrodynamic type

Theorem

A semisimple Poisson pencil of hydrodynamic type is exact if and only if

the condition
z o
ark

is satisfied.

Moreover, in canonical coordinates all the components of the vector field
Z are equal to 1 (i.e. Z =e).
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Exact Poisson pencil of hydrodynamic type

Theorem

A semisimple Poisson pencil of hydrodynamic type is exact if and only if

the condition
z o
ark

is satisfied.

Moreover, in canonical coordinates all the components of the vector field
Z are equal to 1 (i.e. Z =e).

Consequences of exactness:
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Exact Poisson pencil of hydrodynamic type

Theorem

A semisimple Poisson pencil of hydrodynamic type is exact if and only if

the condition
z o
ark

is satisfied.

Moreover, in canonical coordinates all the components of the vector field
Z are equal to 1 (i.e. Z =e).

Consequences of exactness:
e Liec d,, — d,,Liec =0
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Exact Poisson pencil of hydrodynamic type

Theorem

A semisimple Poisson pencil of hydrodynamic type is exact if and only if

the condition
z o
ark

is satisfied.

Moreover, in canonical coordinates all the components of the vector field
Z are equal to 1 (i.e. Z =e).

Consequences of exactness:
e Liec d,, — d,,Liec =0
e Lie. d,, — d,,Lie. = d,,
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Exact Poisson pencil of hydrodynamic type

Theorem

A semisimple Poisson pencil of hydrodynamic type is exact if and only if

the condition
z o
ark

is satisfied.

Moreover, in canonical coordinates all the components of the vector field
Z are equal to 1 (i.e. Z =e).

Consequences of exactness:
e Liec d,, — d,,Liec =0
e Lie. d,, — d,,Lie. = d,,
e Lie. d,,d,, — d,, d,, Liec =0
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Costancy of the central invariants = exactness

Theorem
Let

I'I)\ = P2 — )‘Pl = wo + ZEZkP§2k) - A (Wl + ZEZkP](_zk)) .
k=1 k=1

be a Poisson pencil whose dispersionless limit wy — A\w1 is semisimple and
exact. Then its central invariants are constant if and only if it is exact.
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Costancy of the central invariants implies exactness
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Costancy of the central invariants implies exactness

Step 1: reduce Iy to the “standard form”

,,,,,

k=2
where X, ) = du, K + duy H with

n

K= Z / c'(r"rilogr! dx, H=-— Z / ric!(rYrilogr! dx
i=1 i=1

Step 2: show that Lie,P{?) = 0. Indeed:

LieeLieX(q ’’’’’ c")wl = Lie[e,X(Cl

since [e,X(Cl,m,cn)] = X(@ oy
(9r1 1y el
Step 3: to construct a Miura transformation

[o.¢]
My iy —on + 3B Lie PPV 0, k=12,...

k=1
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Exactness implies the costancy of the central invariants

Step 1: reduce Iy to the form

.....

k=2

with Lieclly = wq
Step 2: the last condition implies

Lie, (Liex(q o1+ Aoy H) = do, (X( o, ,25) " de(LieeI:I)) =0.

aaaaa man-’ oun

Then there exists K s.t.

x< o9 0g) = dy,(LieeH) + d,, K.

m’“w oun

The above identity makes sense only if ¢/=constant.
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Non constant central invariants

Theorem

Let Ty a Poisson pencil with polynomial central invariants of maximal
degree n — 1 and suppose that its dispersionless limit wy is exact. Then
there exists a Miura transformation reducing the pencil to the form

00
ﬁ/\ = wy + Z 62kﬁ§2k) — Awq
k=1

with
Liek—kt1pK) — o k=1,2,....
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Homogeneous Poisson pencils |

Euler vector field £ =37, r'-2;

ort
LieEwl == (d — 2)&)1
LieEUJQ = (d — 1)&)2.

Consequences
e Liegd,, — d,, Lieg = (d —2)d,,
e Liegd,, — d,,Lieg = (d — 1)d,,
e Liegd,, d., — dy, d.,Lieg = (2d — 3)d,, d.,,
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Homogeneous Poisson pencils ||

Theorem

Let T1y be a homogeneous Poisson pencil. Suppose that the central
invariants are homogeneous functions of degree D. Then there exists a
Miura transformation reducing Iy to the form

— w3 BRI

with

Lieg P®¥) = [(k+ 1)(d — 1) + kD]PPY),  k=1,2,...
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