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Using:
» Hirota biliner/quadratic equation
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KdVv

KdV hierarchy, Lax equation:

5::;%[<Ln+é)+¢] . n=012,...,

where 9
L= (Vhd)? +2u with 0 := e

1 n+l . . . 1 2n+1 .
and a, := TSIk (L 2)+ is differential part of <L2> with

1 u
L2 =Vho+ =071 — —=
Vh 2Vh

" =20 5 h® — 120,

413/2 - 8m32
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KdVv

Lax equations are compatibility equations of the wave function

Lip(x, gi, \) = Xb(x, gi, \)

0U(x, 9 A) _ 2n ([0t} |
0n _\/ﬁ(L )+(¢(x,q,,A)).
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1) satisfies the Hirota bilinear/quadratic equation:
ResyA2Py(x, gi, N)w(x', gl,—A\) =0, p=0,1,2,...
F(A)7(qi + diox) =x

Ve, q5,0) = o SO ) = T ()

o 8
_ —2n—1
[_(\) = exp (—\/ﬁ Z baA 8qn> ,
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KdVv

Hirota bilinear/quadratic equation for tau function (x = x’ = 0):
Resxy AT (A)7(g))F (—=A\)7(q}) =0, p=0,1,2,....

Go back:
> replace go and g by qo + x and q + X’/
» Define:

F(N)7(qi + diox) 2
7(qi + djox)

—P(A) L (A)eVr

U)(X, di, )‘) =
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KdVv

Hirota bilinear/quadratic equation for tau function (x = x’ = 0):

Resxy AT (A)7(g))F (—=A\)7(q}) =0, p=0,1,2,....

Go back:
» replace go and q{ by go + x and g{ + x’
» Define:
F()\)T(q,- + (S,‘()X) XA
1 Qis A) = evh
V(x, qi, A) (a5 = 0ox)
XA
=P(A)l+(A)evn
» Then

Res)\)\zpw(xa di, A)Ip(xl7 q;a _A) = 07 pP= 07 ]-7 27 ce
» Sato-Wilson equation:

oF ((;q{a) P(Vho) ! —%(P(\/ﬁa)(\/ﬁﬁ)z”“P(\/ﬁa)_l)i

Johan van de Leur With: Guido Carlet Hessel Posthuma Sergey Shadrin

towards Lax formulation of integrable hierarchies of topological type



KdVv

Define:
L = P(Vh)(VEI)*P(Vhd) ™!
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KdVv

Define:

L = P(Vh)(VEI)*P(Vhd) ™!

Then L is of the desired form
(Vhd)? 4 2u

and satisfies

2.
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KdVv

Define:
L = P(Vh)(VEI)*P(Vhd) ™!

Then L is of the desired form

(Vhd)? 4 2u

and satisfies

oL a 1
= (L3 L =0.1.2. ...
aqn \/ﬁ|:< 2)+7:|7 n b b b

This follows from the Sato-Wilson equation
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KdVv

Define:
L = P(Vh)(VEI)*P(Vhd) ™!

Then L is of the desired form
(Vhd)? 4 2u

and satisfies

oL a 1
= (L3 L =0.1.2. ...
aqn \/ﬁ|:< 2)+7:|7 n b b b

This follows from the Sato-Wilson equation
Note:
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N-kdV + Givental group

Let A, be the local coordinates A — z, near some points z, € C,
a=1...,N
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N-kdV + Givental group

Let A, be the local coordinates A — z, near some points z, € C,
a=1...,N

N
and T(q) = ny T’Y(q’YOa ayi, - - )
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N-kdV + Givental group

Let A, be the local coordinates A — z, near some points z, € C,
a=1...,N

and T(q) = HQI T’Y(q’YOa ayi, - - )
then for every 1 < a < N:

ReSAaAipra()‘a)T(q) ® ra(_)‘a)T(q/) =0

where
= )
Mo (M) = —VEY b
) = e (VAL b
1 & .,
ra,-i-()‘a) = exp 7h nz_:o anqa,n)‘i 1
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N-kdV + Givental group

Let G = exp(eg) in Givental group, where § = 7 or § = &

ido Carlet Hessel Posthuma Sergey Shadri:

towards Lax formulation of integrable hierarchies of topological type



N-kdV + Givental group

Let G = exp(eg) in Givental group, where § = 7 or § = § with

N
h L
P= D (Map Zq o D, ()|
ot 5qﬁé+, 2 i 044,i093,j
o0
. 9 L i
S = Z (st)ap Z Joitly —— = op (—1)*qa,igs,
a,f=1 i—0 ap,i itj=t—1
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N-kdV + Givental group

Let G = exp(eg) in Givental group, where § = 7 or § = § with

> s S awszle O

r= I’g af Qo,i A (_1)I a6 o

S5 567Bé+/ 2, NP 0Ga,i0q3,j
N 1 .

5= Z St)as Z daitl o " op (—I)H'qa,iqﬂ,j
ap1 095, i+j=t-1

Let this G act on the Hirota bilinear identity:
ReSAaAip(Gra,+(Aa)Gil)(éra,—(/\a)éil)GT(q)
(6'Tas (=) (Gl (—Xa)g’ 1)&'(q') dAg = 0.
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N-kdV + Givental group

Next rearange, then up to O(€?) one finds:
ResyA? ( Gat (N o+ (N) Ga (A~ (V) 67(9)
Gt (=N (=2 G (=N~ (~1)E'7(q") ) dA = 0.
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N-kdV + Givental group

Next rearange, then up to O(€?) one finds:
ResyA? ( Gat (N o+ (N) Ga (A~ (V) 67(9)
G (=Mt (= A) G, -
where for G = R:

Ra,+(A) :=exp (6(rg)aadg)\2£)

e(—1)1 n
X exp (\/% Z(rﬁ)a,@ Zan)\2 +1qﬁ,n—£ ,
8

(—A)ra,_(—x)é"f(q’)) dA=0.

n>/
-1 5
Ra7_()\) =exp e\/ﬁ Z(rf)aﬁ Z(_l)n+lan)\2n+167
B n=0 4pgt—1—n
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N-kdV + Givental group

Next
» replace all g0 by g0 + x
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N-kdV + Givental group

Next
» replace all g0 by g0 + x
» divide this new Hirota bilinear equation by G7(g,x)G'7(q’, x')
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N-kdV + Givental group

Next
> replace all g0 by g0 + x
» divide this new Hirota bilinear equation by G7(g,x)G'7(q’, x')
» and write the Hirota bilinear equation as:

—x'A

PN
ResyA?P Vi, c(x, g, \)eVi V, g(x', ¢/, —N)e Vi dA =0

where V, ¢(x,q, ) =

G (G 7(x, )
Gr(x.4)

Ga,_()\)(Pa,G()\)) Ga,_,’_()\)rm_’_(/\)eega,c(x,)\)

and
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N-kdV + Givental group

Write
Va6 (%, 4, V) = (Pa,6 (VD) + €Qu,6(x, 6, V1) ) T (VD)
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N-kdV + Givental group

Write

Vo, 6(x,, Vi0) = (Pa.6(VA0) + Qu,6(x,q, ViD)) T+ (VAO)
Define

LaG = Pa,ghPP L = Lo + (La,)_ = La + €lLa, Qa6 Py 5]

where
Lo = hO? 4 2ua(x, q,€)
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N-kdV + Givental group

Write

Va,6(x, g, Vho) = (Pa7G(\/ﬁ8) + €Qa,6(x, q, \/ﬁ8)> Fos (VEO)
Define

L6 = Pa.ht P = Lo + (La6)_ = Lo+ elLa, Qu6Py 6]

where
Lo = hO? 4 2ua(x, q,€)

Deformed Sato-Wilson equation:

6Pa(; _ dnp <n+1>
e e N Sy
0qsn @€ VRN )

an n+l 1
e - () onert])
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N-kdV + Givental group

( 1 /—1 1
R =
Qa rP R (rg)aadgLa RT——F7—— \/» Z ry aﬁang
B
-1 s i,
oo S anarso (L77H) 1
n=0 _
_p_1
(re) O‘O‘Zb an+z< n+€+ ) Lm’;? 3
n>0 -
\F Z )ap Y andsn- éLaR
n>/¢
+ \/ﬁ ry -1 n+la _— 2
Zﬁj( )aﬁ nz_;)( ) naqﬂ,fflfn R

al —n-1
+ \/>Z ry aga 87— La,R
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N-kdV + Givental group

In the work of Buryak, Posthuma and Shadrin:

02 log Gr

CQuppq = ho—o
a7p’ﬁ7q 8qa7paqﬂ7q
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N-kdV + Givental group

In the work of Buryak, Posthuma and Shadrin:

02 log Gr

CQuppq = ho—o
a7p’ﬁ7q 8qa7paqﬂ7q

Now
0Pu.c

99p,q

We show: The Resy of the deformed Sato-Wilson equations equal
the deformation formula's of Buryak, Posthuma and Shadrin.

GQa,O;ﬁ,p = —Resy P;lc
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