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intro KdV N-kdV + Givental group

Want to combine work of:

I Dubrovin-Zhang on Principal Hierarchies

I Givental, group action on N copies of KdV tau function

I Buryak, Posthuma, Shadrin on deformations of bi-hamiltonian
brackets

Using:

I Hirota biliner/quadratic equation

I Wave function and Sato-Wilson equation
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intro KdV N-kdV + Givental group

KdV hierarchy, Lax equation:

∂L

∂qn
=

an√
~

[(
Ln+ 1

2

)
+
, L

]
, n = 0, 1, 2, . . . ,

where

L := (
√

~∂)2 + 2u with ∂ :=
∂

∂x
.

and an := 1
(2n+1)!! ,

(
Ln+ 1

2

)
+

is differential part of
(
L

1
2

)2n+1
with

L
1
2 =

√
~∂ +

u√
~
∂−1 − u′

2
√

~
∂−2

+
~u′′ − 2u2

4~3/2
∂−3 − ~u(3) − 12uu′

8~3/2
∂−4 + · · · .
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intro KdV N-kdV + Givental group

Lax equations are compatibility equations of the wave function ψ

Lψ(x , qi , λ) = λ2ψ(x , qi , λ) ,

∂ψ(x , qi , λ)

∂qn
=

an√
~

(
Ln+ 1

2

)
+

(ψ(x , qi , λ)) .

ψ satisfies the Hirota bilinear/quadratic equation:

Resλλ
2pψ(x , qi , λ)ψ(x ′, q′i ,−λ) = 0, p = 0, 1, 2, . . .

ψ(x , qi , λ) =
Γ(λ)τ(qi + δi0x)

τ(qi + δi0x)
e

xλ√
~ ,

Γ(λ) = Γ+(λ)Γ−(λ)

Γ−(λ) = exp

(
−
√

~
∞∑

n=0

bnλ
−2n−1 ∂

∂qn

)
,

bn := (2n − 1)!!

Γ+(λ) = exp

(
1√
~

∞∑
n=0

anqnλ
2n+1

)
.
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intro KdV N-kdV + Givental group

Hirota bilinear/quadratic equation for tau function (x = x ′ = 0):

Resλλ
2pΓ(λ)τ(qi )Γ(−λ)τ(q′i ) = 0, p = 0, 1, 2, . . . .

Go back:
I replace q0 and q′0 by q0 + x and q′0 + x ′

I Define:

ψ(x , qi , λ) =
Γ(λ)τ(qi + δi0x)

τ(qi + δi0x)
e

xλ√
~

=P(λ)Γ+(λ)e
xλ√

~

I Then

Resλλ
2pψ(x , qi , λ)ψ(x ′, q′i ,−λ) = 0, p = 0, 1, 2, . . .

I Sato-Wilson equation:

∂P(
√

~∂)

∂qn
P(
√

~∂)−1 = − an√
~

(
P(
√

~∂)(
√

~∂)2n+1P(
√

~∂)−1
)
−
.
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intro KdV N-kdV + Givental group

Define:
L = P(

√
~∂)(

√
~∂)2P(

√
~∂)−1

Then L is of the desired form

(
√

~∂)2 + 2u

and satisfies

∂L

∂qn
=

an√
~

[(
Ln+ 1

2

)
+
, L

]
, n = 0, 1, 2, . . .

This follows from the Sato-Wilson equation
Note:

an√
~
Res∂Ln+ 1

2 =
∂2 log τ

∂q0∂qn
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intro KdV N-kdV + Givental group

Let λα be the local coordinates λ− zα near some points zα ∈ C,
α = 1, . . . ,N

and τ(q) =
∏N

γ τγ(qγ0, qγ1, . . .)
then for every 1 ≤ α ≤ N:

Resλαλ
2p
α Γα(λα)τ(q)⊗ Γα(−λα)τ(q′) = 0

where

Γα,−(λα) = exp

(
−
√

~
∞∑

n=0

bnλ
−2n−1
α

∂

∂qα,n

)
,

Γα,+(λα) = exp

(
1√
~

∞∑
n=0

anqα,nλ
2n+1
α

)
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intro KdV N-kdV + Givental group

Let Ĝ = exp(εĝ) in Givental group, where ĝ = r̂ or ĝ = ŝ

with

r̂ =
N∑

α,β=1

(r`)αβ

 ∞∑
i=0

qα,i
∂

∂qβ,`+i
+

~
2

∑
i+j=`−1

(−1)i+1 ∂2

∂qα,i∂qβ,j

 ,

ŝ =
N∑

α,β=1

(s`)αβ

 ∞∑
i=0

qα,i+`
∂

∂qβ,i
− 1

2~
∑

i+j=`−1

(−1)`+iqα,iqβ,j

 .

Let this Ĝ act on the Hirota bilinear identity:

Resλαλ
2p
α (ĜΓα,+(λα)Ĝ−1)(ĜΓα,−(λα)Ĝ−1)Ĝτ(q)

(Ĝ ′Γα,+(−λα)Ĝ ′−1
)(ĜΓα,−(−λα)ĝ ′

−1
)Ĝ ′τ(q′) dλα = 0.
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ŝ =
N∑

α,β=1

(s`)αβ

 ∞∑
i=0

qα,i+`
∂

∂qβ,i
− 1

2~
∑

i+j=`−1

(−1)`+iqα,iqβ,j

 .
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intro KdV N-kdV + Givental group

Next rearange, then up to O(ε2) one finds:

Resλλ
2p
(
Gα,+(λ)Γα,+(λ)Gα,−(λ)Γα,−(λ)Ĝτ(q)

G ′
α,+(−λ)Γα,+(−λ)G ′

α,−(−λ)Γα,−(−λ)Ĝ ′τ(q′)
)

dλ = 0 .

where for G = R:

Rα,+(λ) := exp
(
ε(r`)ααd`λ

2`
)

× exp

ε(−1)`−1

√
~

∑
β

(r`)αβ

∑
n≥`

anλ
2n+1qβ,n−`

 ;

Rα,−(λ) := exp

ε√~
∑
β

(r`)αβ

`−1∑
n=0

(−1)n+1anλ
2n+1 ∂

∂qβ,`−1−n


× exp

ε√~
∑

β,n≥0

(r`)αβbnλ
−2n−1 ∂

∂qβ,n+`

 .
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intro KdV N-kdV + Givental group

Next

I replace all qγ0 by qγ0 + x

I divide this new Hirota bilinear equation by Ĝτ(q, x)Ĝ ′τ(q′, x ′)

I and write the Hirota bilinear equation as:

Resλλ
2pVα,G (x , q, λ)e

xλ√
~ Vα,G (x ′, q′,−λ)e

−x′λ√
~ dλ = 0

where Vα,G (x , q, λ) =

Gα,−(λ)(Pα,G (λ))
Gα,−(λ)(Ĝτ(x , q))

Ĝτ(x , q)
Gα,+(λ)Γα,+(λ)eεgα,G (x ,λ)

and

Pα,G (λ) =
Γα,−(λ)(Ĝτ(x , q))

Ĝτ(x , q)
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Gα,−(λ)(Ĝτ(x , q))
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intro KdV N-kdV + Givental group

Write

Vα,G (x , q,
√

~∂) =
(
Pα,G (

√
~∂) + εQα,G (x , q,

√
~∂)
)

Γα,+(
√

~∂)

Define

Lα,G := Pα,G~∂2P−1
α,G = Lα + (Lα,G )− = Lα + ε[Lα,Qα,GP−1

α,G ]−

where
Lα = ~∂2 + 2uα(x , q, ε)

Deformed Sato-Wilson equation:

∂Pα,G

∂qβ,n
P−1

α,G + δαβ
an√

~

(
L

n+ 1
2

α,G

)
−

+ ε

(
∂Qα,GP−1

α,G

∂qβ,n
− δαβ

an√
~

[(
L

n+ 1
2

α

)
+

,Qα,GP−1
α,G

])
−

= 0 ,

Johan van de Leur With: Guido Carlet Hessel Posthuma Sergey Shadrin

towards Lax formulation of integrable hierarchies of topological type



intro KdV N-kdV + Givental group

Write

Vα,G (x , q,
√

~∂) =
(
Pα,G (

√
~∂) + εQα,G (x , q,

√
~∂)
)

Γα,+(
√

~∂)

Define

Lα,G := Pα,G~∂2P−1
α,G = Lα + (Lα,G )− = Lα + ε[Lα,Qα,GP−1

α,G ]−

where
Lα = ~∂2 + 2uα(x , q, ε)

Deformed Sato-Wilson equation:

∂Pα,G

∂qβ,n
P−1

α,G + δαβ
an√

~

(
L

n+ 1
2

α,G

)
−

+ ε

(
∂Qα,GP−1

α,G

∂qβ,n
− δαβ

an√
~

[(
L

n+ 1
2

α

)
+

,Qα,GP−1
α,G

])
−

= 0 ,

Johan van de Leur With: Guido Carlet Hessel Posthuma Sergey Shadrin

towards Lax formulation of integrable hierarchies of topological type



intro KdV N-kdV + Givental group

Write

Vα,G (x , q,
√

~∂) =
(
Pα,G (

√
~∂) + εQα,G (x , q,

√
~∂)
)

Γα,+(
√

~∂)

Define

Lα,G := Pα,G~∂2P−1
α,G = Lα + (Lα,G )− = Lα + ε[Lα,Qα,GP−1

α,G ]−

where
Lα = ~∂2 + 2uα(x , q, ε)

Deformed Sato-Wilson equation:

∂Pα,G

∂qβ,n
P−1

α,G + δαβ
an√

~

(
L

n+ 1
2

α,G

)
−

+ ε

(
∂Qα,GP−1

α,G

∂qβ,n
− δαβ

an√
~

[(
L

n+ 1
2

α

)
+

,Qα,GP−1
α,G

])
−

= 0 ,

Johan van de Leur With: Guido Carlet Hessel Posthuma Sergey Shadrin

towards Lax formulation of integrable hierarchies of topological type



intro KdV N-kdV + Givental group

Qα,RP−1
α,R = (r`)ααd`L

`
α,R +

(−1)`−1

√
~

∑
β

(r`)αβa`xL
`+ 1

2
α,R

− (r`)αα

`−1∑
n=0

(−1)n+1ana`−1−n

(
L

`−n− 1
2

α,R

)
−

L
n+ 1

2
α,R

− (r`)αα

∑
n≥0

bnan+`

(
L

n+`+ 1
2

α,R

)
−

L
−n− 1

2
α,R

+
(−1)`−1

√
~

∑
β

(r`)αβ

∑
n≥`

anqβ,n−`L
n+ 1

2
α,R

+
√

~
∑
β

(r`)αβ

`−1∑
n=0

(−1)n+1an
∂ log τ

∂qβ,`−1−n
L

n+ 1
2

α,R

+
√

~
∑
β

(r`)αβ

∑
n≥0

bn
∂ log τ

∂qβ,`+n
L
−n− 1

2
α,R
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intro KdV N-kdV + Givental group

In the work of Buryak, Posthuma and Shadrin:

ĜΩα,p;β,q := ~
∂2 log Ĝτ

∂qα,p∂qβ,q

Now

ĜΩα,0;β,p = −Res∂
∂Pα,G

∂qβ,q
P−1

α,G

We show: The Res∂ of the deformed Sato-Wilson equations equal
the deformation formula’s of Buryak, Posthuma and Shadrin.
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