International Conference Geometrical Methods in
Mathematical Physics

A geometrical approach to testing
integrability

Joseph Krasil'shchik (Independent Univ. of Moscow)
in collaboration with
Alik Verbovetsky (IUM) & Raf Vitolo (Univ. of Salento)

12-17 December 2011




Integrable structures

» (bi-)Hamiltonian structures,
> symplectic structures,
> recursion operators,

and infinite hierarchies of symmetries and/or conservation laws as a
consequence.
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Computer support

Examples: the Korteweg-de Fries and Camassa-Holm equations.
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Equations and solutions

Independent variables x*,..., x", unknown functions ut,...,u™, the
jet space J™(n,m) with the coordinates x, uj, G =i1...i,

1 <, < n. The projection 7.: J*(n,m) — R" to the space of the
independent variables.

The Cartan (higher contact) distribution ¢ spans

i aXI Z GI N j

_] (o2

the total derivatives. Dually, € annihilates

wé:dué_zuaidxi

(the Cartan, or higher contact, forms).



Equations and solutions

A differential equation (system)

F’(...,x’ 9\l ):0, I=1,...,r,

7...,%7.-.
is identified with the hypersurface
&={Ds(F*)=0]a=1,...,I,|6| >0} C J”(n.m),

where Dg = Dj, 0---0 Dg, (the infinite prolongation). The total
derivatives can be restricted to & and define the Cartan distribution
there. Solutions are n-dimensional integral manifolds of this
restriction.



Equations and solutions

Example: KdV
For the KdV equation

Uy = UlUy ~+ Usxxx

coordinates on & (internal coordinates) can be chosen as x, t, and
ui = ux...x. The restricted total derivatives in these coordinates
=

i times

are

0 0 0 ; 0
DX:$+;UI+1TU,-’ Dt:a+zi‘,Dx(UU1+U3)

du;’
The Cartan forms on & are given by

CO,':C/U,'—U,'_H dX—D)’;(uu1+U3)dt, i=0,1,2,...



Equations and solutions

Example: CH
For the Camassa-Holm equation

Ut — Ugxx + 3’J’Jx = 2uXuXX + Ullxxx

. I k+1
the functions u; = %, up g = ;XT#, 1=0,1,2, k> 1, are taken as

internal coordinates. Then

0 0
+Zul+1a +Z(1k(9 Uz,kmﬂLDf(l&) U,>7

k>1

d
D; = +Zu/1al+ZZU/k+1a

=0k>1

with u3 = (up1 — w21 +3uur —2uiwp) /u.



Symmetries and linearizations

A symmetry of the Cartan distribution is a 7..-vertical vector field
X that preserves %. This amounts to

[X,D]=0, i=1,...n
On J*(n,m) all symmetries are

d

9(,) - ZDa(q)j)ﬁa

where @ = (¢*,...,0™) is a smooth function (the generating
function, or characteristic). We identify 9, with ¢, and the
commutator induces the bracket

{91, 92} = 91 (92) = O (1)
(the Jacobi bracket).



Symmetries and linearizations

Given an equation &, define its linearization as follows. For a vector
function F = (F1,...,F") set

IF? JF?

ZGEDG D I Jur Ds

CE= .
9F" JF"

ZO’ aul DO' ZO' aumDO'

Being an operator in total derivatives (a ¢-differential operator),
{F can be restricted to any &. If & ={F =0} we set lp = (F|,.
Then ¢ is a symmetry iff

le(9) =0, @=(9',...,0M), ¢/ eC(&).

The Lie algebra of symmetries is denoted by sym(&).



Symmetries and linearizations

Example: KdV

In the case of the KdV equation, symmetries are defined by

De(9) = u19 + uDx(9) + D3 (@),
where @ = @(x, t,u,u1,...,ug).
Example: CH

For the Camassa-Holm equation, the linearization is

Di(¢) — DZDe(9) — uD3(9) — 2u1 DF (¢)
+(3U— 2U2)Dx(q)) + (3U1 — U3)q) =0.



Conservation laws and cosymmetries

Horizontal g-forms are
N (&) ={adx" N---Adx'7|ae C(&)};
the horizontal de Rham differential dj: /\Z — /\ZJrl
dp(adx™ A---Ndx@) =Y Di(a) dx’ Adx™ A~ Adx™.

Conservation laws

{oeN | dw=0}

CL(&) = :
() {oeN | w=d,0, 6 N2}

How to compute?



Conservation laws and cosymmetries

Cosymmetries of & are vector functions y = (y!,..., y") satisfying
Co(y) =0, where for a ¢-differential operator A: V — W

A*: W =hom(W,Al) — V = hom(V,A})

is its formally adjoint defined by

*

YoaiDo ... | =|... Lo(-1)°IDsoaf

and satisfying the Green formula
(A(V), W) — (v,A*(W)) = dpoo, @A

The group of cosymmetries is denoted by cosym(&).



Conservation laws and cosymmetries

From now on assume & = {F = 0} to satisfy regularity conditions:
o T.: & — R (x',...,x") is a surjection (no functional relation);

e F e Vissuchthat G|, =0, Ge W, implies G = A(F) for
some A: V — W.

Let dyw =0, dy e A" H(&), and @ € A" 1(J~), @|, = w:
dho = A(F),  A:V A"

Then
o(w) = A*(1)|, € cosym(&)

is the generating section (characteristic) of @. When
Vole=0 implies V=0

(no compatibility condition) the operator §: CL(&) — cosym(&’) is
monomorphic and is the Euler operator in the evolutionary case.



Conservation laws and cosymmetries

Example: KdV

In this case, the defining equation for cosymmetries is

Di(w) = uDi(y)+Di(y),  weC7(&).

If = Xdx+ Tdtisac.l then

Example: CH
The defining equation for cosymmetries is

De(w) = DZDe(w) + uD3(y) + u1 DZ(w) + (12 — 3u) Dy (w).



Nonlocal extensions (coverings)

A way to extend & with a set of (finite or infinite) nonlocal

variables w!, w?, ... by introducing

D,':D,'—i-X,', Xi = Z f awa, i=1,...,n,

with the conditions
D,‘()(j)—Dj(X,')—i-[X,',Xj]:O, 1<i<j<n
The variables w® satisfy the covering equation &.

Any % -differential operator can be lifted from & to &.

To any conservation law there corresponds a covering.



Nonlocal extensions (coverings)

Example: KdV
The covering

. P 2 0
Dy=Dyt+u—, Di=Di+[2 S+
ow ow

is associated to the conservation law udx + (u?/2+ up) dt. The
covering equation is the pKdV w;: = w2 /2 + Wy

Example: CH

The covering

D, = Dx—i—(u—uz)i

. 1 3 d
aW, Dt:Dt+<UU2+ U%—U2> aW

2

corresponds to the c.|. (u— up)dx + (uup + v /2 —3u?)/2dt.



Nonlocal extensions (coverings)

Example: A-coverings
Consider ¢-differential operators A: V — W, A’: V' — W' and
look for A: V — V'’ such that

for some B (i.e., A: ker A — ker A').
Extend & with

and solve

Then. ..



Nonlocal extensions (coverings)
.. .solutions linear w.r.t. wZ are in one-to-one correspondence with

{A|BoA=A'0A}
(AlA=AoA}

To
d>: (...,Zagﬁwg,...>
aff

there corresponds

Ao =| ... angﬁwg

Two important particular cases:



Tangent and cotangent coverings
A =l the tangent covering. Holonomic sections ¢: & — T &
are symmetries.

Example: KdV

TE - Ut = Ulyx + Uxxx,
gt = Uxq + Uqx + Gxxx-

A = (7 the tangent covering. Holonomic sections y: & — &
are cosymmetries. .7 *& is always an Euler-Lagrange equation with
L =plFl4 - +pF".

Example: KdV

T Up = Uy + Uxxx,
Pt = UPx + Pxxx-



Tangent and cotangent coverings

Example: CH
This is how the tangent and cotangent coverings look for the
Camassa-Holm equation:

78 — Upxx + 30Uy = 2Ux Uy + Ullyxy,
gt = Qxxt T UQxxx + 2uqux - (3U - 2UXX)qX - (3UX - Uxxx)q

and

grg . ) Ut Ut + 3ty = 2Uy Uxx + Ullxxx,
. Pt = Pxxt T UPxxx + UxPxx + (UXX - 3U)Px



Nonlocal forms and vectors

Let ¢ € sym(&) and @ be a vector function on J* such that
®|ls = ¢. Then

(LF(§).p) — (§.Lr(p)) = du(@p),  @p € Aj.
Then a canonical correspondence arises
v: sym(&) — CL(T*E), @ Op) 0
In a similar way, one has
v*: cosym(&) — CL(T&).

Elements v(¢), v*(y) are called nonlocal vectors and forms, resp.



Nonlocal forms and vectors
Example: KdV

v(@) = p@ dx + (up@ — 3p« Dx(9) + DZ(pp)) dt,
0*(¥) = py dx+ (upy — 3p« Dy (W) + D} (py)) dt.

Example: CH

v(@)= (¢ — DF())pdx
+(((u2 = 3u)@ + u1 D (@) + uDZ(@))p — uDy (@) p1
+u@ps — D (@)po1+ @p11) dt,
v (y)= (v — D(w))qdx
+(((u2 = 3u)y + uDZ (W) g+ (ury — uDy(¥)) g1
+uyqo — Du(¥)qo1 + Wqu1) dt.



On &

Due to the general properties of A-coverings, solutions of
lg(®) =0 lead to the operators %:

VL %% :>‘=%’: kerls — kerle
,{ 5
le
V ——

while solving f}(\ll) = 0 we obtain the operators .7 satisfying

VLW :>‘<5’: kerle — ker (%
.yl JB
MO 7
Ww—V.



Recursion operators for symmetries

Solving equation }
le(P)=0
in the tangent covering for ® linear in q’c, we obtain operators
He: sym(&) — sym(&).
Example: The heat eq.
For the heat equation the tangent covering is

Ut = Uxx, At = Qxx
with
~ 0 0
D, = — E
X Ox + = <Ul+1 a +qir1 B 1)



Recursion operators for symmetries

Example: The heat eq. (continuation)

Solving ) )
Dt(q)) = D)%(CD)
for
®=2a+alq
we get

X
®go = q, ®10 = q1, ¢11=tq1+§.

The corresponding operators are

: X

Hoo=id,  Fw=Dx,  F11=tDx+ >

and they generate the entire algebra of recursion operators (which

is isomorphic to the universal enveloping of the 3-dim Heisenberg
algebra).



Recursion operators for symmetries

The next two examples need to extend .7 & by nonlocal forms.

Example: KdV

Consider the cosymmetry 1 € cosym(&’) and the conservation law
V(1) = qgdx+ (ug+ qo) dt
on .7 & with the corresponding nonlocal variable

Q! Q! n
— =gq, —— =u .
Ox q ot q-q2
Then the equation 74(®) has two nontrivial solutions of the form
®=AQ +a%+alqr+ -+ akqu:

2 1
®g = q, ¢2=CI2+§UCH-U1§Q1.



Recursion operators for symmetries

Example: KdV (continuation)

The Lenard recursion operator

2 1 _
%: D3—|—§U+§U1DX1
corresponds to the second solution. Adding another nonlocal form

v*(u) = qudx + (qu® + gau — qrun + qup) dt,

leads to the operator

4 4 1 1
D§+guDE+2u1DX+§(u2+3uz)+§(uu1+U3)D;1+§U1D;1ou

which is %2.



Recursion operators for symmetries

Example: CH
Let us extend Ngéa with the nonlocal form Q! associated with
y =1. Then {g(P) =0 has a solution

® =q11+qu+qru+q(ue —2u) — Quy
with the corresponding recursion operator

R = DDy + uD? 4 u1 Dy + (tp — 2u) — u1 Dt



Recursion operators for symmetries

Given two recursion operators %1, %»: symé& — &, their Nijenhuis
bracket
[%1,%>]: sym& xsymé& — sym&

is defined by

(%1, %:01(91, 92) = {%1(91), Z2(92) } +{%2(91), %1(92) }
—I1({%2( 1), 2} + {1, %2(92)})
%2 ({%1(01), 92} + {1, Z1(92)})
+(R1 0 Rr + Rr o T1){ @1, 02}

When Z is hereditary, i.e., [%Z,Z%] =0 and Z is invariant w.r.t. a
symmetry @, the symmetries @; = %'(¢) form a commuting
hierarchy.



Symplectic structures

Solving thg equation g}(W) = 0 on the tangent covering for ¥
linear in g% leads to operators

S sym(&) — cosym(&).
Let w1, € CL(&) be such that
5(0;2Y(p,~, ¢;€sym(£).

Define
{o, @}y =Ly, (a0).

This bracket is skew-symmetric if £, 0.7 is self-adjoint, i.e.,
S ole =00

(in the evolutionary case this amounts to .* = —.¢’). Then...



Symplectic structures

...forany ¢ = (¢!,...,9™) on the ambient J~
S UE(@) —Lr7 (@) = Dy (F)
for some A(p: W — V. Set AV A(P}g and define

0.7 sym(&) x sym(&) — cosym(&)

(6)(@1,92) = (991 )(92) = (D7) (P1) + Loy, (1)-

Then
0.7 =0

guarantees that {-, -} o satisfies the Jacobi identity. The . is
called a symplectic structure.



Symplectic structures

Example: KdV
Solving (W) =0 for

v :A3Q3+A1Q1+aoq+a1q1+-~+aqu

in .7 & extended by nonlocal forms Q!, Q3, we get two solutions
1 1 1,13
v =Q, \U3:CI1+§UQ +§Q,

to which the symplectic operators

1 1
S =Dt Y3:DX+§UD;1+§D;IOU

correspond.



Symplectic structures

Example: CH
Solving Z;}(\U) =0in 7& extended by Q*, we get
v =Ql,
ie.,
A= D;l.

After adding @3 (that corresponds to W = u) to the extension a

new solution
V=qo1+qiu—Q —Qu

arises with the corresponding symplectic structure

3= Dy +uDy — Dt o (u— ) — uDt



We pass now to T *&”:

By the general properties of A-coverings, solutions of /¢(®) =0
lead to the operators 77:

VAVL”A/ :>‘%”: ker@}ﬁker%@‘

v

le
—

while solving f}(\ll) = 0 we obtain the operators . satisfying

— | %: ker 0% — ker

§>
JN
A

\\I
—

§>
<>

PA—
[oy)



Hamiltonian structures
Consider solutions of gp(q)) =0 linear in p/(, They lead to operators
A cosym(&) — sym(&).
With such an operator, define the bracket
{01, @} 7 = Lysw)(@2)
on CL(&). The bracket is skew-symmetric if
H ol =LgoH
(for an evolutionary & this is equivalent to J¢* = —7).
For any two operators J#, 7% cosym(&) — sym(&’) satisfying the

above condition define their Schouten bracket

[#, 73] : cosym(&) x cosym(&) — sym(&)



Hamiltonian structures
by

74, 7] (y1, ¥2) = HA(Lotsy, (W2)) — Ha(Lorys (2))
A (w2), Ha(y1)} — { A (y1), #2(y2) },
where {-,-} is the Jacobi bracket and
Lo(y) = 9p(¥) + Lo (V)
The above bracket on CL(&’) enjoys the Jacobi identity if
[7,72] =0;

S is called a Hamiltonian operator in this case and two
Hamiltonian operators are compatible if [.77,.75] = 0. Then the
Magri scheme can be applied to generate commutative hierarchies.



Hamiltonian structures

Example: KdV

Solve the equation
D(®) = & +uDe(®)+ D3(®),  ®=a"p+alp+--+apy,

leads to two nontrivial solutions

2 1
&1 = p1, ¢3:P3+§UP1+§U1P0

with the corresponding (and well known) Hamiltonian operators

2 1
M =D, M= D§+§UDX+§U1.

Consider the x-translation uy of the KdV and the corresponding
nonlocal vector P! defined by



Hamiltonian structures

Example: KdV (continuation)

P! dP!
WZPUX, WZP(UU1+U3)+P2U1—P1U2'

Then one obtains a new solution

4 4 4 1 1
b5 = ps + 3UP3 +2u1pp+ §(u2 +3w)p1 + <9LIU1 + 3U3> p— §U1P1

in the extended setting to which the nonlocal Hamiltonian structure

4

Mo = D3+ 3

4
uD§+2UID§+§(u2+3uz)DX

corresponds.



Hamiltonian structures
Example: CH
In 7*&, the equation /(%) = 0 has two solutions
®; = py, ®3 = po,1+p1u— pui,
to which there correspond two compatible Hamiltonian operators
H1 = Dy, H3 = Dt +uDy — uy.

Extending .7*& by the nonlocal form P! = v(u;), we obtain the
third, nonlocal operator

2uiur + up1— 2uui — Up.1
u
+uD¢ — up 1 Df +u(—u+ up) Dy —Auuy + uuz + 3urun + un 3.

M =Dt o —uD?D, — D D?



Recursion operators for cosymmetries

Finally, solving the equation EN}(\U) =0 in the cotangent covering,
one gets operators that take cosym(¢&’) to itself, i.e., recursion
operators for cosymmetries.

Example: KdV

The equation ) ; y
De(V) = ubx(V) + D3(v)

in .7*& extended by P! gives
2 1
V= Zup—ZP!
P2+ 3 up 3

to which the recursion operator

- 2 1
,%’:Di—l—gu—gD;loul

corresponds.



Recursion operators for cosymmetries

Example: CH

In 7*& extended by P! the equation (W) =0 leads to the
operator

7 2uily +Uur 1 —2uuy — U
%:Dth+UD3—2u+uQ+D;lo 1u2 2.1 1 0’1.

u



Computer support

All computations were done using CDIFF, a REDUCE package for
computations in geometry of differential equations initially
developed at the University of Twente (Paul Kersten, Peter
Gragert, Marcel Roelofs) and upgraded later by Raffaele Vitolo,
University of Salento. See http://gdeq.org.


http://gdeq.org

