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Frobenius manifolds and WDVV equations

» A Frobenius manifold (M, n, e, e, E) is given by

» a commutative associative product e : TM x TM — TM,
a flat invariant non-deg. bilinear form nn =<, > on TM (“metric"),
a flat unit vector field e, i.e. Ve =0,
integrability of the structure constants i.e. 3 a potential F,
quasihomogeneity w.r.t. a linear Euler vector field E:
LieEo = e, LieEn = (2 — d)?]

vy vV VY

> In flat coordinates t, the potential F satisfies the WDVV equations (Witten
'90, Dijkgraaf, Verlinde, Verlinde '91)
0*F o O3F O3F o 03F
n = n .
0t 0tgdt, = 0t;0t,0t, O0t,0tgdt,  Ot50t,0t,
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Bi-Hamiltonian structure on the loop space LM

» To the Frobenius manifold M we associate a bi-Hamiltonian hierarchy
of quasi-linear equations on the loop space

LM = {u:S*— M}.

> A flat metric g¥ on a manifold M induces a Poisson bracket of
hydrodynamic type on LM

oF & i k110G
F,G}= [ —[glo,+TYuk]— dx.
{F, 6} /5 ur 870 + Tt 57 o
» Given a Frobenius manifold M, the metric 17 and the intersection form
g = ipe form a pencil of flat metrics, hence they induce compatible
Poisson structures {, }1, {, }2, on the loop space LM.
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Deformed flat connection

» Define a connection V on M x C* by
VxY =VxY +(XeY,
- 1
Viyzacy+EOY**VY
dc ¢

WhereV::¥—VE and X, Y € TM, ¢ € C*.

> The deformed connection V is flat.
» There exist deformed flat coordinates t,(t,(), i.e. such that

Vdi, = 0.
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The second deformed flatness equation is a singular matrix valued
linear differential system on C

VL, = (U + 21})(%).

The monodromy (i.e. normal form at ( = 0 of the fundamental
matrix) is independent of the point t € M.

Can choose deformed flat coordinates (Levelt basis) of the form

(..., 1) = (01,...,0,)CY¢R

where 0, depend on t € M and analytically on ¢ € C and the
matrices i, R are constant.

6
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The principal hierarchy of M

» Expanding the deformed flat coordinates at ( =0

Hoc(C) = Zea,pCp
p=0
one defines functions 6, , : M — C.

» The Hamiltonians H, , = fsl 0a,p+1 dx define the commuting flows
of the Principal hierarchy on LM by

a .
otep

= {'7 Ha,p}l

where {, }; is the Poisson bracket of hydrodynamic type associated to
the flat metric of M.
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Examples

» n = 1: the principal hierarchy of the Frobenius manifold with
potential F = %3 coincides with the dispersionless limit ¢ — 0 of the
KdV hierarchy:

Up = Uly — €lses  (KdV)

» n = 2: the principal hierarchy of the charge d = 1 potential
F= % + e“ Frobenius mfd (QH*(CP?)) is given by the
dispersionless limit of the extended Toda hierarchy (GC, Dubrovin,
Zhang 2004).
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2 4+ 1 integrable systems

The 2D Toda hierarchy

» 2+ 1 integrable equations e.g.

tyy = (U — Ul — €l )x  (KP)

U — Uy, = e!0te) _2tx) 4 (=€) (2D Toda)

are usually expressed as zero-curvature (or ZS) equations of
hierarchies with infinite number of dependent variables.
» Lax representation for 2D Toda (Ueno, Takasaki '84)

Lax equations:

where B, = (L"

» ZS equations: (

L=A+up+u_A1+...,
Z:flfl/\_1+flo+...

LS = [Bna L]v L§n = [Bm L]
Ls, = [Bm L] Ls, = [B,,, L]
. B

= (L")-.
(B )s,, + [Bm Bm] =0, etc.

S|

n
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> we consider the dispersionless € — 0 limit, where
uge — tyy = (") (d2D Toda)

» Lax and ZS equations are obtained by the dispersive equations as
follows:

» substitute the Lax operators L, L with their symbols \(z), A(z) by
N—z

» substitute the commutator [,] with the Poisson bracket

of 9g _Of dg

et =25 5% ~Zox 0z
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Infinite-dimensional Frobenius manifolds

We are led to consider infinite-dimensional Frobenius manifolds, and
correspondingly, solutions of WDVV depending on an infinite number of
variables.

» WDVV solutions with an infinite number of primaries associated with
d2D Toda tau functions describing conformal maps (Wiegmann,
Zabrodin 2000; Boyarsky et al. Phys. Lett. B 2001 )

» oo-dim. Frobenius manifold for d2D Toda hierarchy (GC, Dubrovin,
Mertens, Math. Ann. 2011, arXiv:0902.1245)

» Construction of deformed flat connection, principal hierarchy and
extension of d2D Toda (GC, Mertens 2011, arXiv:1109.5343)

» oo-dim.F.mfd. for dKP hierarchy (Raimondo 2010)
» oo-dim.F.mfd. for 2-component B-KP hierarchy (Wu, Xu 2011).

11/26



A residue formula for a flat metric

on the space of analytic curves in C
Ms: = {w(z) € H(S") s.t. (1) and (2) are satisfied}
(1) w'(z) #0 for z € S%,

(2) T := w(S?) is a non-selfintersecting positively oriented closed curve

encircling the origin w = 0.

Proposition
The formula
1 O w(z) Oow(z)
- Ae) B2
(01, D)5 21ti Ji =1 22w/(2) i

defines a flat non-degenerate symmetric bilinear form on TMa:.
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Construction of flat coordinates

» Riemann—Hilbert factorization of the inverse z = z(w) : I — S!
z(w) = f; Y (w)fo(w) for werTl

where fy(w) and f(w)/w are holomorphic and non-vanishing

inside/outside the curve I', and fio(w) = w + O(1), |w| — .

» The coefficients t,, of Taylor expansions of the logarithms

log fo(w) = —tg — tiw — bw? — ..., |w| =0,
2 t_ t_
log o(w) :—14——224—..., |w| — oo.
% wooow

constitute a system of flat coordinates on Mg:.
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The manifold M

Let M be given by pairs
(\(2), X(2)) € 2H(Dx) & ZH(D0)
of holomorphic functions with
A~ z+ ... for |z| = oo,

- el
A~ —+v+... for|z]| =0,
z

s.t.

(1) w'(2) # 0 for |z| = 1, where w(z) := \(2) + \(z) € H(S!),

(2) the closed curve I := w(S?) is non-selfintersecting positively oriented
encircling the origin w = 0,

(3) A(z), M\(z) are non-vanishing.
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» The map

M — Mg & C?
(A A) = (w(2), v, u)

is invertible by

» The metric on M is the direct sum of the flat metric on Mg: and
ds? = dudv + dvdu.
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The product on T*M
» Define basic 1-forms d\(p) and d\(p) depending on p € S! by

(dA(p), &) = a(p), (dA(p),&) = a(p)

where & = (o, @) € TM = H(Ds) & LH(Do).
> Any 1-form & = (w(z),@(z)) can be represented as a linear
combination of the 1-forms dA(p), dA(p):
1 -

- (w(p)dA(p) + &(p)dX(p)) -

&=
27 ‘

Proposition

da(p) » d(q) = " [o/(p) d(q) ~ §'(a) dap)] , @ =\,

defines on T*M a structure of a commutative associative algebra.

16
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ldempotents and semisimplicity

» Define the family of 1-forms depending on the parameter p € S!

() + X (o) (o) + X(p) " \P)

Proposition

The 1-forms du(p) for p,q € S' are idempotents of the Frobenius algebra
on T*M, in particular

du(p) e du(q) = f(p)d(p — q)du(p), f(p)=— QW'

» the Frobenius manifold M is semisimple.
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The Frobenius manifold

Theorem

(M, <,>,e, e, E) is a semisimple infinite-dimensional Frobenius manifold
of charge d = 1, with unit and Euler vector fields

e=(-11), E=(N2)—zN(2),M2)—zXN(2)).

» The potential is

22 22— 27
%7{ ) log dz; dz»
27TI |21\<|Z2\ V41 Z2

z2

T e

+ %v u+ e 5 j|{z|_1 w(z) g, w(z) = Az) + \(z).

» F as a function of flat coordinates t,, v, u solves WDVV equations
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Intersection form

» The intersection form on M\ X is given by the formula

2mi A A z2’
PUREDY]

Hx _ X (A _ X
1 N W NN ) dz
g BRER),
|z|=1
where ¥ is the locus in M defined by the conditions
N(z)#0, N(z)#0, M2)N(z) = AMz)N(2) A0 for |z| =1.

» The flat metric and the intersection form on M coincide with the flat
metrics associated to the dispersionless limit of the Poisson pencil of
2D Toda (GC 2004).
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Deformed flat connection of M
We find the explicit form of the deformed flat connection on 1-forms

@Xa = axa - an — CCX(OZ),

- 1
Vaia=0a—-Ula)+ V()
dc ¢

in terms of explicit operators on T*M = H(S!) @ C%:

X(2)

zw!(z)

Cx(a) =(

((zw’<z>a(z)>>o ~ (' (2)>00(2) + za(2) + —(a(2) + o) + au) +

+ (Xs0(2)a(@) o + (X<o@a(@) |+ S Xu(alz) + o) + Xval2),
(X(@)a(@))o + Xuaww + Xva,

e (X(2) + 2w’ (2)Xu)(e(2) + av))  — e“Xuay + Xpau ).
0

>
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Solving the deformed flatness equations
A function y on M is deformed flat if, for X € TM

Oxdy = (M'x + (Cx)dy, (a)
Bedy = (U — EV)dy. (b)

Lemma

For a function on M of the form

R =5 f. FO@.GET + o0

we have that (a) holds <= F(x,X) satisfies

(FX)_(_FXX_FX)Zf:l:Oa (FF()_(_FX)_(_F)_()Sl:Oa
(Fx — Fx — F)o = const, 0,le“(Fx — Fx — F)]1 = 0.

Moreover: (a) = (b).
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Deformed flat coordinates

Solving the equations for F(x,X) we obtain a set of deformed flat
coordinates on M:

KO =5 f Falx@), K@) E + 6a(0)

270 J|z)=1
where
O PR ) e St SN
a+1 2
F_1(x,%) = — exp(—x)(log(*>) + Ein(—x) — 1) — exp(Z=),

2
60 5) = — ep(—dlogCa > Xt 3 )+ Ein(—x) — 1)+

+ exp(3)(log((x + %)%) — Ein(z) — 1),
Fu(x,X) =exp(x) — 1.
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Monodromy

» We have solved the operator-valued linear singular isomonodromic
system on C

oY = (u+2V)Y

where the fundamental “matrix” is in the normal Levelt form
Y = e¢"¢k

with ©(() analytic in a neighborhood of ( = 0 and ©(0) = 1.
> V(Vt¥) = ua Vt® with s € Z/2 (highly resonant V).
> R is the symmetric nilpotent operator on TM = H(S!) @ C? given by

R(Vu) =2Vv, R(VtY) =0 & +#u.
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Hamiltonian densities of the principal hierarchy
The analytic part of the y; gives the following Levelt basis of deformed
flat coordinates 64 (¢):

1 A+ X sa, dz
27Ti \z|:1 [0 —|— ].

z
1 by soa,] d
0_1(¢) = “oni i {GAC <|Og (1 + )\> + Ein(—X(¢) — 1) 2C:| ?z’

00 = 5 [ (s 1 +i)+Em( 20 -1)+
)

+ e (log A(A+ A
S G
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Extended 2D Toda hierarchy

» The Hamiltonians of the principal hierarchy on LM are defined by
Hap = / Oapr1 dx  where  05(C) = 0a (P
st p>0
and the Hamiltonian flows by

0
61‘@7[,

= {" H&,p}l-
» bi-Hamiltonian recursion relations :

{'7 Ha,p—1}2 - (P +a+ 1){7 Hoc,p}17
{’a Hu,p—1}2 = (P + 1){‘7 Hu,p}la
{,Hvp-1}2 = p{", Hvp}1 +2{:, Hup-1}1.

» The Hamiltonians of the dispersionless 2D Toda hierarchy are finite
combinations of the Hamiltonians of the principal hierarchy.
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Lax formulation
The principal 2D Toda hierarchy admits a Lax formulation

oA OX =
W = {_(A@,P)—7>‘}7 w = {(Ad,p)—i-’)‘}

for & € ZU{u, v}, where

A+ Xt 1 /X = A\P
Aop == — -1
P at1 p!( 2 ) Gl
(=P A4+ X 1 /A—)M\"
A-lp == ('Og ) +C”_l)_p!( 2 )
(=P A+ A
Avp=— ol (Iog 3 +cp— 1)+
AP APl

Jra(log()mL)\))\fcp—l), Aup =,

where ¢ =1+ ---+ % and ¢g = c_1 = 0 are the harmonic numbers.

(for Aq,p cf. Adler, van Moerbeke 1997)
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