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Frobenius manifolds

Frobenius manifold (Dubrovin, ['92]):
e M: differentiable manifold, dim(M)=n,
e 1: flat, non-degenerate, (pseudo-)metric
@ o: commutative, associative product
@ e: unity vector field: Xoe =X, VX.

e E: Euler vector field
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Frobenius manifolds

Frobenius manifold (Dubrovin, ['92]):
e M: differentiable manifold, dim(M)=n,
e 1: flat, non-degenerate, (pseudo-)metric
@ o: commutative, associative product

@ e: unity vector field: Xoe =X, VX.

°

E: Euler vector field

Notation:

c(X,Y,Z):=n(X,Y o 2)
cg-k = 0" cgj, — (X o Y) = chijk yk
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Frobenius manifolds

In addition, we require:
(1) Compatibility with the metric (Frobenius algebra on T,M):
n(X,YoZ)=n(XoVY,2)
(2) Compatibility with the connection
Vwe(X,Y,Z) = Vxc(W,Y,2)

V: covariant derivative of 7.
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Frobenius manifolds

In addition, we require:
(1) Compatibility with the metric (Frobenius algebra on T,M):
n(X,YoZ)=n(XoVY,2)
(2) Compatibility with the connection
Vwe(X,Y,Z) = Vxc(W,Y,2)

V: covariant derivative of 7.

(1)+(2) = 3 F €C®(M) s.t.

Cijk = ViV;jViF
F = potential of the Frobenius manifold (= WDVV...)
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Frobenius manifolds

Moreover:
(3) Flatness of unity vector field:

Ve =0.
(4) Euler vector field satisfies

VVE =0
[E,XoY]—[E,X]oY —=Xo[E,Y]=XoY
E(n(X,Y))=n([E.X],Y)—n(X|[E,Y])=(2—d)n(X,Y)

d = charge of the Frobenius manifold
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Frobenius manifolds — further properties

3 a second metric: intersection form of the Frobenius manifold
ij — Ek fSCj
g N Crss

g is flat and 1 + ag is flat Ya (compatible flat metrics)
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Frobenius manifolds — further properties

3 a second metric: intersection form of the Frobenius manifold
ij — Ek fSCj
g N Crss
g is flat and 1 + ag is flat Ya (compatible flat metrics)

Special coordinate sets:

a) Flat coordinates: 7 is constant
b) Canonical coordinates: cjk:(SJ’:ch( (semisimple Frob. manifold)
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Frobenius manifolds — further properties

3 a second metric: intersection form of the Frobenius manifold
ij — Ek fSCj
g N Crss
g is flat and 1 + ag is flat Ya (compatible flat metrics)

Special coordinate sets:

a) Flat coordinates: 7 is constant
b) Canonical coordinates: cjk:(SJ’-'(SL (semisimple Frob. manifold)

In this talk: no flat, no canonical coordinates! )
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Systems of quasilinear PDE

Systems of quasilinear PDEs: v’ = u/(x,t), i=1,...,n

up = \/ji(u) ud, ‘Xl‘iinm u'(x,t) = 0.
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Systems of quasilinear PDE

Systems of quasilinear PDEs: v’ = u/(x,t), i=1,...,n

ul = Vi(u) uf, lim u'(x,t) =0.

|x|—o00

Hamiltonian form: (Dubrovin, Novikov ['83])

ot ij 9 s OHo _
{HLHZ} /5 < a rsk X 5Uj(X)dX, Ha_ Ha(U)dX

n flat pseudo-metric, I Christoffel symbols

Andrea Raimondo  SISSA, Trieste Frobenius manifold for dKP



Systems of quasilinear PDE

Systems of quasilinear PDEs: v’ = u/(x,t), i=1,...,n

ul = Vi(u) uf, lim u'(x,t) =0.

|x|—o00

Hamiltonian form: (Dubrovin, Novikov ['83])

ot ij 9 s OHo _
{HLHZ} /5 < a rsk X 5Uj(X)dX7 Hoz_ Ha(U)dX

n flat pseudo-metric, I Christoffel symbols

Integrability: Generalized hodograph method (Tsarev, ['94]).

A%y B 9%y
otdr Ot ot

X6+ tVi(u) = Wi(u), ol = Wiu)d,
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Principal hierarchy of a Frobenius manifold

(M,n,c,e, E) Frobenius manifold, X vector field on M

n = (VX)JI = V; X", c = (VX)JI' = ijk
Recursive relation. Fora=1,..., n:
ijé;,o =
ViXlmi1 = G Xbms  m=0,1,2,...

Andrea Raimondo  SISSA, Trieste Frobenius manifold for dKP



Principal hierarchy of a Frobenius manifold

(M,n,c,e, E) Frobenius manifold, X vector field on M

)= () =X e = (W)= gt
Recursive relation. Fora=1,..., n:
ViXio=0
ViXlmi1 = G Xbms  m=0,1,2,...

Principal hierarchy of a Frobenius manifold

8Ui i aUJ
Dtam i

(Va,m)i' = kak

J a,m?

The flows of the principal hierarchy pairwise commute:
02u' 02u'
Otg mOta,n - Otg mOtan’
)

Vi,a,B,n,m




dKP and Vlasov equations

Let f(p, x, t,y) be a solution of the integro - differential equations
(Vlasov, or collisionless Boltzmann equation):

f,=ph —ALf,, (1)
fo = (p* + A%) £ — (Adp + AL) £, (2)

where

+oo
AK(x,y, t)=/ p*f(p,x,y,t)dp, keN.

—00
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dKP and Vlasov equations

Let f(p, x, t,y) be a solution of the integro - differential equations
(Vlasov, or collisionless Boltzmann equation):

f,=ph —ALf,, (1)
fr = (p° + A%) £ — (Adp + AY) o, (2)

where

+oo
AK(x,y, t)=/ p*f(p,x,y,t)dp, keN.

—00

The flows (1), (2) commute: (f,), = (f¢),,. J
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dKP and Vlasov equations

Moment equations:
AX = AT+ kAKTTAY, keN (Benney chain)
Al = AKFZ L A0AK 4 (k4 1)ARAY 4 kAFTIAL D keN
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dKP and Vlasov equations

Moment equations:
AX = AT+ kAKTTAY, keN (Benney chain)
Al = AKFZ L A0AK 4 (k4 1)ARAY 4+ KAFTIAL ke N

Important fact: A° = | f dp satisfies the dKP equation:

Agy = 0y (AY — APAY)
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dKP and Vlasov equations

Moment equations:
AX = AT+ kAKTTAY, keN (Benney chain)
Al = AKFZ L A0AK 4 (k4 1)ARAY 4 kAFTIAL D keN

Important fact: A° = | f dp satisfies the dKP equation:

Agy = 0y (AY — APAY)

Indeed:
A)D=AL A=A+ AN A) = AL+ 2A°A.
Rearranging:
Al = A9,
A = A — AAY,

which is compatible.
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dKP and Vlasov equations — Hamiltonian structure

Poisson—Vlasov bracket (Marsden, Weinstein, ['82]):

(@0 = [[ o) { 52y 621[2)},, dp

{-, -}, p: canonical bracket, G, H functionals of f.
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dKP and Vlasov equations — Hamiltonian structure

Poisson—Vlasov bracket (Marsden, Weinstein, ['82]):

{G. H}ip = / / { 5(;9)([2) ég[ﬂ)}x’p dp dx,

{-, -}, p: canonical bracket, G, H functionals of f.

Hamilton’s equations:

of of oH
8t {f 'H}Lp, <~ at—i—{f,(sf} p—O,

)
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dKP and Vlasov equations — Hamiltonian structure

Poisson—Vlasov bracket (Marsden, Weinstein, ['82]):

{G. H}ip = / / { 5"39)([2) ;?Xl[ﬂ)}x’p dp dx,

{-, -}, p: canonical bracket, G, H functionals of f.

Hamilton’s equations:

of of oH
8t {f 'H}Lp, <~ at—i—{f,éf} p—O,

)

f 2
_1//(p2+Ao)fdpdx S
2 dy 2 P

)
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dKP — Lax formulation

Formal series

k k
)\::p+§ Py AC = A" (x + t1, to, t3,...).
k=0
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dKP — Lax formulation

Formal series
N=p+ Y g, A=Attt ),
k=0 P
The flows (dispersionless Lax equations):
1
At, = {Qn, A}X7p, Q, = . (A")p s keN,

Zero curvature equations (Zakharov-Shabat):

n

(91_- Qm — athn = {Qma Q”}x,p
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dKP — Lax formulation

Formal series
N=p+ Y g, A=Attt ),
k=0 P
The flows (dispersionless Lax equations):

1
A1'.'n :{Qn, A}X,p7 ang()\n)_,’_, kEN,
Zero curvature equations (Zakharov-Shabat):

81_- Qm — athn = {Qma Q"}x,p

n

Remark (bi-Hamiltonian structure)

dKP admits two compatible structures of Dubrovin—Novikov type

First metric: n*1(A) = (k + n)Aktn-1
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dKP and Vlasov equations

Following (Gibbons, ['81], Gibbons, Tsarev ['94,'96]): more
analytical structure on A\. We consider:

+oo f
A(p):p+][ ﬂdq, pER,
pP—q

—0o0

Asymptotic expansion
Avpt) pre P
i—o P

where

are the moments of f.
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Known examples of infinite dimensional Frobenius

manifolds

Krichever, Mineev-Weinstein, Wiegmann, Zabrodin, A. ['04]
Solutions of WDVV depending on infinitely many coordinates and
associated to the dispersionless 2D Toda hierarchy. Zabrodin ['09]:
dKP hierarchy

Carlet, Dubrovin, Mertens ['10]: Frobenius manifold for
dispersionless 2D Toda hierarchy on the space of pairs of functions
analytic inside and outside the unit circle respectively, and with
prescribed singularities at zero and at infinity.

Wu, Xu ['11]: Frobenius manifold for the dispersionless
two-component BKP hierarchy
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Vlasov egs as Hydrodynamic type systems

Following (Gibbons, A.R. ['07]): we consider Vlasov equations as
‘continuous indexed’hydrodynamic type sytems:

i) = [ VE)E()da }
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Vlasov egs as Hydrodynamic type systems

Following (Gibbons, A.R. ['07]): we consider Vlasov equations as
‘continuous indexed’hydrodynamic type sytems:

i) = [ VE)E()da }

Naive idea:

(o}, ..,u"y  —  {f(p), pER}
{11 (x),...,u"(x)} — {f(p,x), pER}
> — J dp
5 - w&m
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The Schwartz class

Analytical properties of f in the (x, p)—plane:

p—dependence: f in Schwartz class S(R) of C>*—functions s.t.

sup | pX0Mf(p)| < 400, k,meN
peR
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The Schwartz class

Analytical properties of f in the (x, p)—plane:

p—dependence: f in Schwartz class S(R) of C>*—functions s.t.

sup|p 0"f(p)| < +o0, k,meN
pER

feSR) — Alp ][ (qd e C*(R) J
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The Schwartz class

Analytical properties of f in the (x, p)—plane:

p—dependence: f in Schwartz class S(R) of C>*—functions s.t.

sup|p 0"f(p)| < +o0, k,meN

pER
(q 0
feSR) = Xp deC()
For simplicity: f € S(R?) in the (x, p)—plane J
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The Schwartz class

Look for linear maps
V(?) : S(R) — S(R),

thus thinking at S(R) as space of tangent vectors.
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The Schwartz class

Look for linear maps
Py .
V(q) :S(R) — S(R),

thus thinking at S(R) as space of tangent vectors.

Space of cotangent vectors: dual space of S(R) through the
L?—pairing
+oo
w0 = [ ulp)opd  weSR), 0 e S®),

S'(R), space of tempered distributions.
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The Schwartz class

Look for linear maps
Py .
V(q) :S(R) — S(R),

thus thinking at S(R) as space of tangent vectors.

Space of cotangent vectors: dual space of S(R) through the
L2 —pairing

+o00
(w, ®) = / w(p)®(p) dp, w e S'(R), ¢ € S(R).

—0o0

S'(R), space of tempered distributions.

Example ( V(Z) =pd(p—q)—f'(p))

[ V@) tta)da = pi(p) - 426 (p) € S®)
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The Schwartz class

Look for linear maps
P\ .
thus thinking at S(R) as space of tangent vectors.

Space of cotangent vectors: dual space of S(R) through the
L2 —pairing

+o00
(w, ®) = / w(p)®(p) dp, w e S'(R), ¢ € S(R).

—0o0

S'(R), space of tempered distributions.

Example ( V(Z) =pd(p—q)—f'(p))

[ V@) tta)da = pi(p) - 426 (p) € S®)

Later on: we will consider proper subspaces of S(R) and S'(R) |
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First contravariant metric: 77(P*‘7)

Proposition (Gibbons, A.R., ['07])

The LP-bracket can be written as a continuous index bracket of
hydrodynamic type

{G, M} //[;sg[f] ( (pq)(i(—i-/r(p;q)ﬂ((r)d);cz-[[f])dpdqu

Continuous form of the first metric

POl = —f(p)s(p—q) = n"[A]=(n+m)A™"
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First contravariant metric: 77(P*‘7)

Proposition (Gibbons, A.R., ['07])

The LP-bracket can be written as a continuous index bracket of
hydrodynamic type

{G, M} //[;sg[f] ( (pq)(i(-i-/r(p;q)fx(r)d)(;;Z-[[f])dpdqu

Continuous form of the first metric

POl = —f(p)s(p—q) = n"[A]=(n+m)A™"

Remark

7 is not invertible on S'(R). We consider Op(R) C S'(R), the
space of C>*(R) functions which, together with all their derivatives,
grow at infinity slower than some polynomial.
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First covariant metric: 7, q)

Denote V C S(R) the linear space of functions of the form
X®) = h(p)f'(p),  heOm(R)
On V, the inverse metric of 7:
1
Npaq) = —Wé(p - ),

is well defined. Action on vectors X1, Xo € V:

X(P)x(P)
w0, = [ [ XX Pdpda = [ e

The metric is flat: the (continuous) Riemann tensor is zero J
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Christoffel symbols

Christoffel symbols

M(¢r) = f,(lq) 0'(q = p)o(qg — r).
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Christoffel symbols

Christoffel symbols

M(¢r) = f,(lq) 0'(q = p)o(qg — r).

Covariant derivative, acting on X € V as

oX (P oX(P)
() 22" " PY\x(Ngpr = 22~ (g — (p)
V(q)X 5f(q)+/r(qr)x dr 5F( )+5(q p)X\P)

and on h € Oy(R) as

oh oh oh
() r L C) _ (p)

s~/ Tt = 5705 e =05

The two actions can be proved to be consistent, and can be
extended to higher order multilinear maps.

Vipyhq) =
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Structure constants of the algebra

Look for a bilinear map o : ¥V x ¥V — V, of the form

/ / XDe(p)yBldgds,  X,Y eV
Consider the quantities

C( p> _(p—r) f(p) og—r) dp— q) XN(p)
qr p—q f'(q) p—q g—r f'(p)

6(g—r)é(q—p),

where

N(p) =1 +][+OO f9) 4.

—00 P—4q

The space V is closed under the product o. Moreover, we have:
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Structure constants of the algebra — properties
@ Symmetry
(ar) =<(7%)
qr rq
@ Associativity

Jelge)elin)= [ o))

@ Compatibility with the metric

q q
/”(pq)c<r5>dq:/n(rq)c<ps>dq'

@ Compatibility with the connection

p p
V(/)C<q r> = V(q)c</ I’> .
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The unity vector: e

Proposition

The element e(P) = —f'(p) € V is the unity vector field.

Indeed:

(X oe)P) = [[ XWDc(F)elNdgdr = [ XDs(p — q)dg = X(P)

Moreover,
5 elP)
(p) — Ve — —S'(p— ) — (e — p) —
Vige? —5f(q)+/r(qps)e ds=—3'(p—q)~ (g - p) =0,
— e is flat.
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Euler vector field: E

The element

satisfies

V,VEM =

oc(r) SEP) SE®) SE®)
(s) r S P p _ (P
/E e /c(q,, e s D) a5l 8) ds=l2)

on SE(™) SE()
g(n Zra) / / _
/ SF(r )d r (rq)(;f( )d r+ n(pq)éf(q)dr 37(pq),

and it is therefore the Euler vector field of the Frobenius manifold.
Moreover, the Frobenius manifold has charge d = —1.
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Potential of the Frobenius manifold

The functional (logarithmic energy with external field)

F=3 [[1oele -~ alf()fa)doda+ 5 [ p*r(p)dp.

satisfies the condition

ViV VinF = cpqrn

and is therefore the potential of the Frobenius manifold.
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Potential of the Frobenius manifold

The functional (logarithmic energy with external field)

F=3 [[1oele -~ alf()fa)doda+ 5 [ p*r(p)dp.

satisfies the condition
Vi)V VinF = cpqr)

and is therefore the potential of the Frobenius manifold.

Random Matrix Theory: equilibrium measure for the large N limit
of the partition function for the Gaussian Unitary Ensemble.
(Wiegmann, Zabrodin ['00], Elbau, Felder ['05],...)
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PDE associated with the product c: dKP hierarchy

Example (X2(p):—p f'(p) € V)

Vie(8) = [ c(£) X e
__pf'lp) _aqf'(P) o (/rf’(r) Y >
= + o(p—q)| [ ——=dr—pX(p)
p—r

_ :—q e (r=p)f'(r)
= - (p)—5(p—q)</dr—p>

p—r
=p d(p—q) —f'(p),
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PDE associated with the product c: dKP hierarchy

Example (X2(p):—p f'(p) € V)

Vie(8) = [ c(£) X e

__pf'(p) af'(P) ') Ly
=~ e T g o(p q)( ) ~d pA(p)>

= —f(p)=d(p—q) (/ il i p>
=p d(p—q)—f'(p),

Example (X3(p) =—(p* +2A°%) f'(p) € V)

Vi, (5) = (p* + A°) 8(p — q) — (p+ a)f'(p)
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Principal hierarchy — Flat vector fields

The functionals
Hno Z/Hh,o dx, Hho :/h(f) dp,

are Casimirs of the Lie—Poisson bracket. Consider the vector fields

(e) _ [ 9Hno

ho = | 57(q) " n\PP)dg = —H (f(p))f'(p) € V, (3)
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Principal hierarchy — Flat vector fields

The functionals

Hho Z/Hh,o dx, Hh,o:/h(f) dp,

are Casimirs of the Lie—Poisson bracket. Consider the vector fields

(e) _ [ 9Hno

ho = | 57(q) " n\@Pdg = —H (f(p))f'(p) € V, (3)

Proposition

The vector fields (3) are flat:

v(q)Xi(er)) =0.

For h(f) = f we get the unity e(P) = —f'(p).
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Principal Hierarchy — Primary flows

Primary flows of the principal hierarchy:

000 (0) = [ Vno(Q)Ea)da,  Via(2) = [ c(2)XI ()

The flows (4) are Hamiltonian of the form

001 (9) = { F(o). [ Hhao} .

LP

with the Poisson—Vlasov bracket, and the Hamiltonian

Hha = [ H(7(p) A(p) 0.
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Theorem (Principal Hierarchy for dKP)
The vector fields

(p) .__ _5Hh7’7 / _ 1/ n
Xh,n T (Sf(p) f(p)z Hh,n - il h(f(p)))‘(p) dp,

n € N, satisfy the recurrence relations
(p)  _ (r)
Vi) Xhnt1 = /C(:r)xh,n’
of the principal hierarchy. The corresponding commuting flows

By, F(p) = / Van(®)(@)da,  Vin(?) = / c(2)X(,

are Hamiltonian

8th,nf(p) = {fv}[h,n+1}Lp7 Hh,nJrl = /H;L,,Jrldx.
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The generic conserved quantity

Let k(u,v), be a function of two variables, s.t. the integral

K= [ [ Kr(p). Mpx)dp a:

converges. Then, K is a conserved quantity for the dKP hierarchy.
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The generic conserved quantity

Let k(u,v), be a function of two variables, s.t. the integral

K= [ [ Kr(p). Mpx)dp a:

converges. Then, K is a conserved quantity for the dKP hierarchy.

Direct result: no dependence on the Frobenius manifold!! J
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The generic conserved quantity

Let k(u,v), be a function of two variables, s.t. the integral

K= [ [ Kr(p). Mpx)dp a:

converges. Then, K is a conserved quantity for the dKP hierarchy.

Direct result: no dependence on the Frobenius manifold!! J
o 1 ;
Principal hierarchy = h(f,\) = o h(f) A
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The generic conserved quantity

Let k(u,v), be a function of two variables, s.t. the integral

K= [ [ Kr(p). Mpx)dp a:

converges. Then, K is a conserved quantity for the dKP hierarchy.

Direct result: no dependence on the Frobenius manifold!! J
o 1 ;
Principal hierarchy = h(f,\) = o h(f) A

1
Classical Hamiltonians = h(f, \) = = f A"+ C(f)
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Hodograph formula for dKP

Analogy with finite dimensional case:
XVXl()+yVX2()+tVX3() VXK(p):O’

with Xi=—f'(p), X2 = —pf'(p), X3 = —(p*+2A%)f'(p)
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Hodograph formula for dKP

Analogy with finite dimensional case:
x Vi (§) +y Vi () + Vi () — Vi (§) =0,

with Xi=—f'(p), X2 = —pf'(p), X3 = —(p*+2A%)f'(p)
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Hodograph formula for dKP

Analogy with finite dimensional case:
x Vi (§) +y Vi () + Vi () — Vi (§) =0,

with Xi=—f'(p), X2 = —pf'(p), X3 = —(p*+2A%)f'(p)

/c(qr) <X+yr+t(r +2A%) — ()(;6)) f'(r)dr =0,

Nonlinear integral equation (also in Manakov, Santini ['06]):
02k(f(q), A(q))
p—q

X4y ptt(p?+ 249 :81k(f(p),)\(p))—][ -




Hodograph formula — Solutions of dKP

Hodograph formula = stationary point of a dKP conserved quantityJ

Indeed: the functional
My = / (xA°+y AL+t (A2 (A)?) = K) dix.

is a constant of motion for the y and t flows of the hierarchy, and

0
Hodograph formula < ladls =0

f(p,x)
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Hodograph formula — Solutions of dKP

Hodograph formula = stationary point of a dKP conserved quantityJ

Indeed: the functional
My = / (xA°+y AL+t (A2 (A)?) = K) dix.

is a constant of motion for the y and t flows of the hierarchy, and

0
Hodograph formula < ladls =0

6f(p, x)

Moreover:

f satisfies Hodograph — A®= [ fdp is a solution of dKP J
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