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Weyl| algebra A1 over field k of characteristic zero is given by two

generators p,q and one relation

[p,q] = 1.

Weyl algebra over C can be considered as a ring of differential operators

with polynomial coefficients:



Theorem (J. Dixmier, 1968) In Ay there is a maximal commutative

subalgebra: elements
X = (p°>+ ¢+ h)? + 2p,
3
Y=+ ¢+ 1+ (p(® + ¢+ 1)+ @° + ¢ + h)p)
commute, h € k, herewith

Y3 = X2 _h,



L dn— 1

Ly = Fun1(@)— =+ +uolz),
dm dm—l
Lo=—0 F+vm-1(@)——— + -+ volz).

Lemma (Schur, 1905)

If LiL> = LoLqy and LiLz = LzLq (Ly is non-trivial), then

LoLs = L3Lo.

Lemma (Burchnall, Chaundy, 1923)

If L1{L> = LoLq, then there exist a non-trivial polynomial Q(\, n) of
two commuting variables such that Q(L1,L>) = 0.



Example

L3 =13 Q(\u) =X -2
Spectral curve

r={(\p) €C?:Q(\ n) =0}

If L1y = A and Loy = py, then (A, p) €T

rank of L1 and Lo is

[ =dim{y : L1y = M, Loy = uap}.



Baker—Akhiezer function ¢ (z, P)

Spectral data

{I_7Q7 k_17717 <. 7/79}

[ is algebraic curve, q € I, k—1is a local parameter near q, k—l(q) = 0,

The Baker—Akhiezer function has the property:

1=k (14 10 4 )
2. on ['\q the BA-function ¢ is meromorphic with the poles in v1,...,qg

For ~1,...,7¢ in general position the BA-function ¢ there exists and

unique.



Let f(P) be a meromorphic function on I with a unique pole in g of

order n

f:kn+Cn—1k¢n_1‘|‘"'—|—Co+(:_Tl+...
OMp = k"eF(0(1)),

o — fip = ke (w1 (@) +0 (7)),

)
)

=

O + up_1 (2)87 Ly — fop = kP 2eke (un_g(@ 1o (

=

Ot + 1 ()0 M+ - Fup(@)y = fop + € (O (

From the uniqueness of BA-function it follows that

Liy(z, P) = f(p)¥ (=, P).



Let g(P) be a meromorphic function on I with unique pole in g of

order m, then

Loy(x, P) = g(P)y(z, P).
We have
(L1Lo — LoLq)Y(x,P) =0 = L1Ly = LoLj.

Example T =CPl, =00, k=2
Baker—Akhiezer function ¢ = e*#
f=2"+cp_12" 1+ +co,

Op 4 cp_10y 1+ - + cotp = f.



Example
= C/{2wZ + 2u'Z}, q = 0,

_ w2zt )
o(x)o(z)’

(82 — 2p(x))P(z, 2) = p(2)¥(z, 2),

(&

3 3 _ 1
(03 = 300 — S¢/(2) ) ¥(, 2) = 59/ ()i(z, 2).



Example T =CPl/{a~ —a}, g=o0, ga =1, k=12

a
(2
a

¢=6x2<1—|—§(aj)>,
==

(v2 — a?) sinh(ax)

pla) =v(-a) = &) = acosh(az) + vsinh(az)’

2a2(a? — +2)

2 .2 —
(0 —ul@))y =2, ul@) = _(a cosh(az) + vsinh(az))?
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Rank [ > 1

Spectral data

{raqak_lafyla sy Vg XLy - - 7alg}

a; = (a14,...,05_1) — vector

(v, ) — Turin parameters define stable (in the sense of Mumford) vec-

tor bundle of rank [ degree Ig on ' with holomorphic sections ny,...,m

-1
m(vi) = Y ami(y)-
j=1
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Vector Baker—Akhiezer function ¢ (x, P) = (¢g(x, P),...,¥;_1(x, P)):

1. y(z, P) = (L3 &s(x)k™2) Wo(z, P), §o = (1,0,...,0), fwg = Awy,

© 1 0 ... 0 0)
0 0 1 0
0 0 0 0 1
\ k+uo(z) ui(x) wa(z) ... w_1(z) O )
2. on I —{q} ¥ is meromorphic with the simple poles in Y15+ 5 Vg

3. Resy; = a;jRes 4.

If f(P) is meromorphic function with the pole in g of order n, then
there exist L(f) such that

L(f)y(z, P) = f(P)Y(x, P), ordL(f) = In.
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Method of Turin parameters deformation (Krichever—Novikov

method)

dl dl—l
@%‘ = XZ—1W%' o+ Xo¥y
Xs — meromorphic on I, xs has lg simple poles Py(z),...,F,(z). In

the neighbourhood of g the functions xs have the form
xo(z, P) = k+ go(z) + O(k™ 1),
xj(x, P) = gj(@) +O0(k™1), j<i-1,

xi—1(z, P) = O(k™1).
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At the point P;(x)

c;i(x)
= d; O(k — ~;(x)).
X = (@) + d;i;i(x) + O(k — ~;(x))
'heorem Parameters ~;(x), a;;(z) = % and d;;(z),0 < j <1~

2,1 <1 <lg satisfy the equation
¢ij—1(x) = —vi(=),
dio(z) = ajo(@) o y—o(@) + ajo(x)d; 1—1(x) — g (@),

dij(x) = ajj(w)a;—o(x) — oy j_1(x) + oyj(x)d; 1 (x) — aj(x), 5 > 1.
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Krichever, Novikov: g =1, | =2 : u?2 = P3(\) = 4)\3 + go)\ + g3
2
Ly = (82 + u) +2ca(p(12) —p(11)) 0+ (cx(p(12) —0(11) )z —p(12) —p(11).

v1(x) = 70 + c(z), v2(x) = 70 — c(x),

1 1c2, Caxx
u(r) = ——+—">242d , Co—
( ) 4C% 2 C% _I_ (71 /72) 4y 2Caj

P (v1,72) = (2 —71) + C(v1) — ¢(2).

Operator Ly can be find from the equation L3 = P3(L1).

+c2(Pc(yo+e, Y0—) =P (71,72)),

Dixmier: g=1, [ =2

3
d2
L2=<——w3—a> —



Theorem (Grinevich)

Commuting operators L1 and Lo, corresponding to an elliptic curve
have rational coefficients if and only if

where q(t) is a rational function.
If vg = 0, and ¢g(x) = z, we have the Dixmier operators.

Theorem (Grinevich, Novikov) Operator Ly is formally self-adjoint
if and only i @(71) = p(’yQ).

Mokhov: g=1, [ =3
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Rank [ =2, g > 1: self-adjoint case

Let L be an operator of the forth order of rank 2, then
M w? = F(2) =z29+1—|—029z29—|—---—|—co,
q IS a branch point,
o: =T, o(lz,w) = (2, —w).
We have
V" = xo¢ + x1¢,

where ¥ = (¢1,v>) is a Baker—Akhiezer function.

17



Theorem (M.) If
x1(z, P) = x1(z,o0(P)),
then operator L is self-adjoint
L=L*"= (02 +V(2)?+ W(z).

If g=2,3,4, and L is self-adjoint then x1(z, P) = x1(x,0(P)).
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w2 = F(z) = 22911 + 029229 + -+ g,

_ 1Hm@A@  1H@n@) y ()
X0 T @) 2 (@) 2G| 2
ey h@ @

c—m@@) z— @)
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We have 2g equations on v1,...,v¢, H1,...,Hg, Kk
L; = dig(z) — (a?(z) + a;(x)d;1(x) — f(x)) =0, 1 <i < 2g.
‘These equations can be reduced the g—1 equations on ~1,...,7v9. From
Li — Li-|—g — O
one can express H; in terms of ~q,...7v4. From
Li —|— LH—g =0

one can express k in terms of v1,...7v4, and H;. We have g—1 equations

on ~vi,...,7%g. Operator L has the form

L=L"=(9; + V() + W(a),
where

1
V__Ea W——E(’Yl+°“+79>-
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Example: g=1

w? = F(2) = 23 4+ c52° + c12 + cg.

L Hm@A@ , wE) o @)
T T @ T rom T ale P =y
N @ o AFM@) - (1) + 29
@) = =5 ey ©@) 4(7 (2))2 '
Dixmier case:
Y1 = —x, cg = —h, ¢c1 =c> =0,

Vz3—h 1
© —(333+h), X1 —

X0 = z+ z x4z
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Example: g = 2 The equations on ~1, v have the form
4915 45 (co+ ezt +Feavt +97 =137 1 (2 —912) +71(e1 +27v271%))
+2(v2 — Y1)V s 4 2(v1 — ¥2) Y (1 — ¥2)7 = 50)

—1°(co +¢373 + cars +13

i 1/

FA75 — A2AB2 4 61V (V] AB) + 295 E 4 5 (co — A2 4+ 254

+2(e1 4+ 271752 — 695 (V] + 45) — 4v179575)) = 0.

Partial solution:

1] = —g(l +iV3)z, o= —g(l —iv/3)z, w? = 2> 4+ 27hz? 4 81
L' = (82 + 23 + h)2 + 6z
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Theorem (M.) There is a commutative ring of differential operators
of rank 2 with polynomial coefficients which isomorphic to the ring of

rational functions with pole in ¢ = oo on spectral curve given by the
equation

w2 e Fg(z) — ZQQ_I']- + Cngzg + .-+ co-
This ring contains operator
i
L'= (32 +23+h)?+g(g+ 1)z
As a corollary from the Theorem after changing

T < Op

we obtain the operator

(82 + 22+ h)? + g(g+ 1)8%.
of rank 3.
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L' =02+23+n

Examples.

a) g=12: Fr(2) = 2>+ 27hz2 4 81,

15z
)3

Lig= (L5 + %(Lvﬁ + (L + 45421 + L 4522,

b) g=3: F3=2" 4+ 594hz* — 202522 + 91125h2z,

S  2700(L')?

Ly = (L) +212(L )+ )%2124

5085h 129153:3) L4 (5085h 1291523

+ > + ) —486.

(L) 2709+< : =
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Q Q Q'
Q= (z—m(=))...(z —v(=)),

1" [E( 2 /
Q2L VI sy, g =9

X0 —

4Fy(2) + 4(gz 4 ga° — 2)Q% + 4(z> + 1) (Q)% — (Q")? +2Q'Q®

—2Q(622Q" + 4(z® + h)Q" + Q™) =o.
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