L ocal symmetries

Lie’s algorithm for finding point symmetries can é&ended to
find more general local symmetries admitted by PDEsS

In the extension of Lie’s algorithm, one uses ddfdial
consequences of the given PDE system, i.e., invegiaf a given
PDE system is understood to include its differémimnsequences.

Here it is important to consider the infinitesinganerators for
point symmetries in theavolutionary formwhere the independent
variables are themselves invariant and the acti@ngooup of

point transformations is strictly an action on tiependent
variables of the PDE system, so that solutionslaeetly mapped
Into other solutionsunder thegroup action.



This allows one to readily extend Lie’s algorithmmdeekcontact
symmetries (only existing for scalar PDEs) where now the
components of infinitesimal generators for depehd&anables can
depend at most on the first derivatives of the ddpat variable of

a given scalar PDE (if this dependence is at msal on the first
derivatives, then a contact symmetry Is a pointragtny).

A contact symmetry is equivalent to a point transf@tion acting
on the space of the given independent variables,ddépendent
variable and it first derivatives and, through tlaan be naturally
extended to point transformations acting on thespd the given
Independent variables, the dependent variabletarakrivatives to
any finite order greater than one.



Lie’s algorithm can be still further extended byoaling the
Infinitesimal generators in evolutionary form to peéad on
derivatives of dependent variables to any finiteor

This allows one to calculate symmetries that aledadigher-
order symmetries

In the scalar case, contact symmetries are ficdgyasymmetries.

Higher-order symmetries are not equivalent to point
transformations acting on a finite-dimensional m@diincluding
the independent variables, the dependent variables their
derivatives to some finite order.



Higher-order symmetries are local symmetries insiigse that the
components of the dependent variables in theirnitegimal
generators depend at most on a finite number oVvateres of the
given PDE system’s dependent variables so that tdadculation
only depends on the local behaviour of solutionshefgive PDE
system.

Local symmetriesnclude point symmetries, contact symmetries
and higher-order symmetries.

Local symmetries are uniquely determineghen infinitesimal
generators are represented in evolutionary form.



Sophus Lie considered contact symmetries.

Emmy Noether (1918) introduced the notion of higbeter
symmetries in her celebrated paper on conservies

The well-known infinite sequences of conservatiawd of the
Korteweg-de Vries (KdV) and sine-Gordon equatiores @directly

related to admitted infinite sequences of local s\atries obtained
through the use of recursion operators [Olver (P77



Given a PDE
G(x,t,u,du,...,0"u) =0, (1)

its local symmetries of order p,

O(X,t,u,au,...,apu)i
ou

~ solutionsn(x,t,u,0u,...,0"u) ofits
linearized systenmHréchet derivative

a_G/7+a_GD +a_GD/7+aZG
ou ' du, </ ou, ' du




In terms oftotal derivative operators

0 0 0
D =—+u—+uU,— +---,
*9x  “ou  Tou,
Dt_g-l-uti-l-uxti-l-
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A local symmetry of order p;z(x,t,u,au,...,c?'“u)ai (including its

natural extension to action on derivatives) mampgsolution
u=46(x,t) (not an invariant solution) of PDE (1) into a one-
parametele) family of solutions
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u=|e ou ou, ou, u

u=6(x,t)

and is equivalent to the transformation

e(ni+(Dxn)£+<Dtn>£+---J
X=X, t*=t, u*=e x U

=u+é&n(xt,u,ou,...,0 °u) +O(£?)



If p= 1, then the first order symmetry is equivalent tmatact
symmetry

X* = x+géﬁw{xg)'ﬁ—t+£a” ‘-

ou, ou,
u*:u+£u—gl+u91 -n|+...,
“Ou, ' du,
u* =u, +£(—uxa’7—a’7j+~-,
ou 0X
"=y +£(_Ut on _617)+
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If a first order symmetry has an infinitesimal bétform
n(x,t,u,0u) = é(x,t,u)u, +7(x,t,u)u, —a(x,t,u)
then it is equivalent to th@oint symmetry

X* = X+ £&(X,t,U) + O(£2), t* =t + £7(X,t,U) + O(£2),
U* = U+ gaXx,t,u) + O(&?)
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Example 1

The heat equationG =u,, —u, =0

has the point symmetries

0 0

0
Xlzux—’ X2 :utﬁ’ X3 :(Xux+2tut)£’

X, = (xtu, +t°u, +[1x° +%t]u)ai,
u

0 0
X, =(tu +ixu) 2, X,=ul
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Example 2

The KdV equation G =u_, +uu, +u, =0 has an infinite
sequence of higher-order symmetries in terms ofdharsion
operator
R=(D,)? +2u+ Ly (D, )™
X 3 3 X X

given by
(RMu,, n=012,...

0 0
- u —,(uu, +u,)—,
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(Ruu, +4u.u, +3uU,, +uxm)au,...
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L ocal symmetries can be used to determine
o specific invariant solutions
e a one-parameter family of solutions from “any” knosolution

e whether a nonlinear system of DEs can be lineatzean
Invertible transformation and find the linearizatahen it
exists

« whether an inverse scattering transform exists

« whether a given linear PDE with variable coefficgeoan be
Invertibly mapped into a linear PDE with constapefficients
and find such a mapping when it exists
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